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Let II be a projective plane of order 15 which contains the projective extension of 
a Kirkman system Z with 15 points, and suppose that 17 has a collineation D of 
order 7 which leaves invariant the point set of C. It is proved that (0) is the full 
collineation group of 17. 0 1988 Academic Press, Inc. 
1. INTRODUCTION 
A Kirkman system C is a (balanced incomplete) block design with 2 = 1 
whose blocks are partitioned into parallel classes. Finite affine planes are 
familiar examples. Just as one extends an affine plane to a projective plane, 
so one forms the “extension” C* of an arbitrary Kirkman system L’; i.e., 
one adjoins an ideal point for each parallel class and puts all the ideal 
points on a new line “at infinity.” A familiar theorem of R. H. Bruck asserts 
that, if a projective plane 17 of finite order 4 contains a proper projective 
subplane C* of order k, then either q = k2 (and C* is said to be a Baer sub- 
plane) or q > k2 + k. We generalize this result in Proposition 2.1 by per- 
mitting C* to be the extension of an arbitrary Kirkman system 2 (with line 
size k). 
A subset B of the point set of a projective plane I7 is called a blocking set 
if Bn L is a proper subset of L for every line L of Il. We prove 
(Proposition 2.1(2)) that the points of an extended Kirkman system C* are 
a blocking set of I7 if and only if the order of 17 equals the number of 
points of C. The Baer subplanes are examples, and one can construct 
examples with k = 2 from hyperovals. The smallest possible examples with 
k > 2 which are not subplanes would arise from embedding the classical 
Kirkman systems (ones with k = 3 which have 15 “affine” and 7 “ideal” 
points) into projective planes of order 15. General theorems of A. Bruen 
[3,4] and J. Bierbrauer [2] prove that a blocking set B in a plane of order 
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15 would satisfy IBI 3 21. We are able to prove that IBI > 22, a fact which 
we take as additional motivation for the investigation begun in this paper. 
Sections 3, 4, and 5 are devoted to proving Theorem 5.1 (the principal 
result of the paper): if a plane 17 of order 15 contains an extended classical 
Kirkman system C* and if ZZ has a collineation D of order 7 which leaves 
invariant the point set of C *, then (o) is the full collineation group of l7. 
Most of the proof is given in Section 5. Section 4 contains general results 
on collineations of planes of order 15. 
2. EXTENDED KIRKMAN SYSTEMS AS SUBSTRUCTURES OF PROJECTIVE PLANES 
A Steiner system is an incidence structure C with v points and b dis- 
tinguished k-subsets of the point set (called lines), so chosen that each pair 
of points is contained in a unique line. Easy computations prove that every 
point of Z lies in precisely r := (v - 1 )/(k - 1) lines and that bk = vr. For 
these and other facts on block designs, one may consult [ 11, [IS], or [ 131. 
A Kirkman system is a Steiner system C together with a resolution of the 
lines of-C; i.e., a partition of the set of lines into (parallel) classes, each of 
which in turn partitions the points of Z. 
If Z is a Steiner system, the definition of r yields the condition 
(k - 1) 1 (u - 1). For a Kirkman system, the condition k I v also holds, so 
u = k mod (k* -k). In this case we introduce a further integer parameter m 
defined by v = m(k2 -k) + k. Then r = mk + 1, so all parameters can be 
expressed in terms of k and m. 
To obtain the projective extension C* of a Kirkman system .Z’, adjoin one 
new point P, for each parallel class C, make each P, incident with all lines 
of C, and make all r of the PC’s incident with a new line denoted by I*. Call 
Z* and extended Kirkman system. Part (1) of the following proposition 
generalizes a theorem of R. H. Bruck (see [ 12, p. 81 I). 
PROPOSITION 2.1. Let II be a projective plane of finite order q. Suppose 
that IT contains a substructure .Z* which is an extended Kirkman system with 
ideal line I* and parameters v, b, r, k, m. Then 
(1) either r=q+l or q=u or q>v+kk; 
(2) C* is a blocking set of IT if and only rf q = v; 
(3) if q = v, every “exterior” point ( a point not in C* and not on the 
line of IT that induces I*) lies on precisely m secants. 
Proof Lines of II are called secants, tangents, or passants of C* 
according as they intersect C* in more than one, exactly one, or no points. 
Let Z be the line of 17 which induces the ideal line I* of C*. If I= I*, then 
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r = q + 1. Otherwise there is a point P of l\l*. Since all lines of C* intersect 
I*, the v points of C must be joined to P by distinct tangent lines. Thus 
q > v. Clearly q = v if C* is a blocking set. 
Assume conversely that q = v. The average number of secants through an 
exterior point is A : =b(q-k)/(q’- v). Since q = v, one sees that A = m. 
Suppose that an exterior point P lies on exactly y, = y secants. Then P lies 
on (v + r) - y(k + 1) tangents. Thus q + 13 v + r - yk, and equality holds if 
and only if every line through P meets C *. This inequality is equivalent to 
y > (r - 1)/k = m. Then yp > m for every P, so yp = m for every P. The 
proofs of (2) and (3) are complete. 
Next we compute the derivative dA/dq, treating b, k, v as constants and q 
as a variable. The derivative is b(2kq-v-q2)/(q2- v)’ and, hence, is 
negative for q > v. As A = m when q = v, it follows that A cm for q > v. 
Thus, if q > v, some exterior point P lies on fewer than m = (r - 1)/k 
secants. As m is an integer, P lies on at most (r -k - 1)/k secants and, 
hence, on at least (V + r) - (r-k - 1) = v + k + 1 tangents and secants. 
Thus v+k<q. 
Remarks 2.2. Let S be a subset of the point set of a projective plane 17. 
Then I7 induces on S a Steiner system C with r = q + 1 if and only if S is a 
[sic] maximal (v, k)-arc; i.e., if and only if S is a set of type (0, k). Such 
sets have been extensively studied (see, e.g., [7, 15, 161). If S is not the 
entire point set of I7, then IZ induces an extended Kirkman system C* on 
Cu 1, where I is any line of 17 disjoint from S. In this case, it is easy to 
prove that the set of all lines disjoint from S constitutes a set of type 
(0, q/k) = (0, m) in the dual of fl. 
3. EXTENDED KIRKMAN SYSTEMS IN PROJECTIVE PLANES OF ORDER 15 
By Proposition 2.1, an embedded extended Kirkman system satisfies one 
of the conditions r = q + 1, q = v, q 2 v + k. By Remarks 2.2, the first case is 
equivalent to the investigation of maximal (v, k)-arcs. The next interesting 
case is the case q = v. 
If a projective plane contains a “hyperoval,” i.e., a set H of q + 2 points 
with no three collinear, then, for any secant line I of H, the set 
(H u I) \ (H n I) is an extended Kirkman system with v = q, k = 2, and 
m = (q - 2)/2. Baer subplanes of projective planes are extended Kirkman 
systems with v = q and m = 1. We have-found no further examples with 
v = qs The smallest Kirkman systems with k > 2 and m > 1 are the Kirkman 
systems with the classical parameters v = 15, b = 35, r = 7, k = 3, m = 2. In 
Sections 3 and 5 of this paper, we investigate the following assumption. 
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Assumption 3.1. There is a projective plane II of order 15 which con- 
tains the extension Z* of a Kirkman system C with u = 15, k = 3. We write 
I to denote the line of IYI that contains the ideal line I* of Z*. We write G 
for the full collineation group of ZZ, and H for the subgroup of G consisting 
of the elements which fix Z:*. 
By Proposition 2.1(2), Z* is a blocking set of 17 (which has cardinality 
u + r = 22). As indicated above, C* is a smallest possible blocking set of 17. 
Our ultimate goal is either to construct a plane of order 15 or to prove that 
no such plane satisfies Assumption 3.1. To date our accomplishments are 
much more modest (see Theorem 5.1 below). 
LEMMA 3.2. Let L’* and L” be distinct extended (15, 3, I)-Kirkman 
systems contained in a projective plane 17 of order 15, and suppose that C* 
and C’ have the same seven ideal points. Then they have no further common 
points, 
Proof Represent the point set of C* as the disjoint union of l*, A*, 
and C, where Cu I* consists of all points common to Z* and Z’. Let A’ be 
the set of points of C’ not in Z*. Write bi to denote the number of 
,X*-secants which contain i points of C and, hence, 3 - i points of A*. If 
i # 0, then the bi ,X*-secants which meet C in i points are also Y-secants, 
since they each contain a point of I*. Then each such line contributes 3 - i 
flags with points of A’ as well as 3 - i flags with points of A*. Each of the x 
points of A* is in seven flags with X*-secants while each of the x points of 
A’ lies in two flags with .X*-secants. The 5x additional flags must be 
accounted for by the b, or fewer C*-secants which intersect A* in three 
points and A’ in no points, since all other X*-secants that meet A* in three 
points also meet A’ in three points. Then 3 1 5x, and 5x < 3b,. 
Counting pairs of points in A* yields (x2-x)/2 > 3b, 2 5x; thus, either 
x = 0 (which means Z* = C’), or x > 11. Then either x= 15 (the desired 
result) or x = 12. If x = 12, then b, 3 20; as a consequence, every point of 
A* lies on five X*-secants that meet A* in three points, on one that meets 
A* in two points, and on one that meets A* in just one point. Then 
b, = 20, b, = 6, and bz = 12; so C* has at least 38 secants. This contradic- 
tion completes the proof of Lemma 3.2. 
4. COLLINEATIONS IN PROJECTIVE PLANES OF ORDER 15 
For background on projective planes, we refer the reader to [ 121. It is 
easy to see, however, that the fixed points and fixed lines of a collineation a 
of a projective plane 17 constitute a (possibly degenerate) subplane ZZ, of 
i7. One calls a planar if K7, is non-degenerate. One calls CI a generalized 
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elation if the fixed points lie in a single line x and, consequently, the fixed 
lines are incident with a single point C on x. If c1 is neither planar nor a 
generalized elation, it is called a generalized homology; in this case, all but 
one fixed point C lie on a single line x. If every point of x is a fixed point, 
one often omits the descriptor “generalized.” If a is a generalized homology 
with exactly three fixed points, C and x are not uniquely defined; in this 
case one calls a a triangular collineation. For generalized elations and non- 
triangular generalized homologies, one calls x and C the axis and center of 
CI. The following theorem of D. R. Hughes [ 11-j is cited in [ 12, p. 267 J, 
THEOREM 4.1 (D. R. Hughes). Let II be a projective plane of finite order 
n. Suppose that II has a collineation CI of odd prime order p and that o( has 
evenly many fixed points. Then the equation 
has a non-trivial solution in integers x, y, z. 
V. Cigic applied the preceding theorem to obtain the following result [S, 
p. 2883. 
PROPOSITION 4.2 (V. Cigik). Let c( be a collineation of a projective plane 
of order 15. If M has order 7, then a is either triangular or a homology. If c1 
has order 3, then a is planar (fixing a subplane of order 3) or ‘o! is a 
generalized elation and fixes 1, 7, or 13 points. 
LEMMA 4.3 (C. Y. Ho [lo]). No projective plane of order 15 admits an 
abelian collineation group of order 21. 
The goal for Section 4 is to prove the following result. 
PROPOSITION 4.4. Let II be a projective plane of order 15 with a 
collineation group G of order 21 which has elements 7 and o of orders 3 and 
7, respectively. 
(1) Then t is planar (fixing a subplane of order 3), or z is a 
generalized elation which fixes one or seven points . 
(2) If o is triangular, either z is planar or z has only one fixed point. 
Proof Suppose, contrary to conclusion (l), that z is a generalized 
elation with exactly 13 fixed points. We treat first the case that c is a 
homology. Let C,, C,, x,, .x, denote the centers and axes of (T and z. Since 
(o ) is a normal subgroup of G, z fixes x,, so C, is a point of x,. Then C, 
is a common center for all 3-elements of G; and, dually, x, is a common 
axis. Since C, is fixed by z, it is a point of x, ; and, thus, d fixes x,. As G is 
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not abelian, a is a commutator of 3-elements r1 and r2. As z1 and r2 are 
conjugates of r, each fixes 13 points of x,, so a fixes at least 10 points of x,. 
From this contradiction, one concludes that a is not a homology. 
By Proposition 4.2 the fixed point set S of a consists of three non- 
collinear points. As z is a generalized elation, S is an orbit of T disjoint 
from x,. Then x, intersects 13 G-orbits of size 7 and 1 of size 21. As the 
seven lines of (x,)~ must cover the points of these 14 orbits, these lines 
cannot intersect each other, a contradiction which completes the proof of 
part ( 1). 
To prove conclusion (2) by contradiction, we assume that a is triangular 
and that 7 is a generalized elation with center C and exactly seven fixed 
points on an axis x. We denote point and line orbits of G by symbols y, 
and xi, respectively, where y and .Y are the cardinalities of the orbits. 
Cardinality considerations dictate that the point orbits are 3,) CG = 7,) 
7,... 7,, 21, ... 21, and that the line orbits are 3l, xG=71 ...77, 217...219. 
We number the point orbits so that 3,, 21,, and 21, are the points on the 
lines of 3’. 
We shall prove conclusion (2) by demonstrating that it is not possible to 
complete a “generalized incidence matrix” for I7 with respect to the group 
G. Such a matrix has rows and columns indexed by the symbols xi and yj, 
respectively; an entry z(x’, yj) in position y/ of row x’ means that every 
point of orbit yi lies in z(xi, yj) lines of orbit xi. Using the facts that lines 
have cardinality 16 and that each pair of lines has a unique intersection, 
one sees that there is essentially only one way to fill in the row xc = 7l: see 
Table 4.1. One can formalize the intersection property by demanding that 
the sum 
[xi 1 wq := 1 yz(x’, yj) z(wS, y,) 
J’i 
be xw [9]. 
TABLE 4.1 
3, 71 12 7, 74 75 76 7, 21, 211 213 21, 215 216 21, 21, 21, 
31 2 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 
7l 0 1 1 1 1 1 1 1 1 0 2 0 0 0 0 0 0 
72 0 1 3 0 0 0 0 0 1 0 0 1 1 1 0 0 0 
73 0 1 0 3 0 0 0 0 1 0 0 1 0 0 1 1 0 
74 0 1 0 0 3 0 0 0 1 0 0 0 1 0 1 0 1 
75 0 1 0 0 0 3 0 0 1 0 0 0 0 1 0 1 1 
76 0 1 0 0 0 0 0 0 0 1 1 2 0 0 1 0 0 
77 0 1 0 0 0 0 0 0 0 1 1 0 2 0 0 1 0 
78 0 1 0 0 0 0 0 0 0 1 1 0 0 2 0 0 1 
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If h #x is a line fixed by z, then h meets the orbit CG = 7i in one point 
and every other orbit 0 in 3n, points for some integer no. Thus the rows 7’, 
i # 1, are of two types, A row of type 0 contains a 1 in column 7, and O’s in 
columns 7,-7,; a row of type 1 contains a 1 in column 7, and contains one 
3 and live O’s in columns 7,-7,. Both types have O’s in column 3,. A row of 
type 1 must therefore have four l’s and live O’s in columns 21,-21,. By 
computing [7l 1 7’1 and [3l I 7’1, one sees that each row 7’ of type 1 must 
have a 1 in column 21 I and O’s in 21, and 21,. Thus there are at most four 
rows of type 1: up to permutation of the column labels, four rows of type 1 
must look like rows 72-75 of Table 4.1. 
If there are four rows of type 1, there must be two rows of type 0. Every 
row 7’ of type 0 must have one 2 and three l’s in columns 21,-219. By 
computing [3’ I 7’1 and [7l I 7’1, one sees that row i must have 0, 1, 1 as 
entries in columns 21,-21,. To complete such a row would give too few 
intersections with the lines of one of the rows of type 1. From this con- 
tradiction, we conclude that there are at most three rows of type 1 and, 
thus, at least three rows of type 0. Clearly there are at most, and thus 
exactly, three rows of type 0; up to a permutation of column labels, 
three rows of type 0 must look like rows 76, 7’, 7’ of Table 4.1. Row 7’ 
is the only row of type 1 compatible with 76, 7’, 7* under [ 1 1. Thus it is 
impossible to complete rows 7i-7’ of a generalized incidence matrix; the 
proof of part (2) of Proposition 4.3 is complete. 
5. THE MAIN THEOREM 
The goal of Section 5 is to prove the following result. 
THEOREM 5.1. Let 17 be a projective plane of order 15 which contains the 
extension Z* of the Kirkman system C with v = 15, k = 3. Let G denote the 
full coflineation group of I7, and suppose that G contains an element 0 of 
order 7 which fixes C*. Then G = (0 >. 
By C. Y. Ho [lo, Theorem B], G is solvable of order dividing 26. 3 .7. 
To complete the proof of Theorem 5.1, we establish that (r is not contained 
in any subgroup of G of order 14 or 21 (see Lemmas 5.8 and 5.10 below). 
Thus, the Hall {3,7)-subgroups of G have order 7, and G is a (2,7)- 
group. As G is solvable, G has a minimal normal subgroup M which is 
elementary abelian. As IZ has odd, non-square order, every involution must 
be a homology. Commuting involutions have the same center if and only if 
they have the same axis. Therefore, since 4 / 14, commuting involutions 
have different centers and different axes. Then there are at most three 
mutually commuting involutions, so every elementary abelian 2-subgroup 
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of G has order at most 4. Thus, if M is a 2-group, u centralizes M, and G 
contains a subgroup of order 14. If M# G is a 7-group, G also contains a 
subgroup of order 14. This contradiction of Lemma 5.8 completes the proof 
of Theorem 5.1. The rest of the paper is devoted to proving Lemmas 5.8 
and 5.10. 
LEMMA 5.2. Under Assumption 3.1, if H contains an element G of order 
7, then the fixed point set of r~ consists of one point P, of C and two points 
p,, p, of /\I* 
Prooj Clearly (T fixes the set of 15 points of Z, the point set l*, and the 
point set l\l*. Then r~ fixes at least 1 point, say P,, of Z and at least 2 
points, say P, and P,, of 1\1*. By Proposition 4.2 it suffices to prove that a 
is not a homology. If I were an axis of g, then 0 would fix the points of I*, 
hence also the 35 lines of Z (since there are 5 through each point of I*). 
Suppose next that POP, is an axis of 0 for i= 1 or 2. By Proposition 2.1(3) 
each of the 14 exterior points of POPi lies on precisely 2 secants. Thus C-J 
fixes 28 secants, a contradiction which completes the proof of Lemma 5.2. 
LEMMA 5.3. Under Assumption 3.1, suppose that T is an element of H of 
order 3. Then z is a generalized elation with center C in l* and exactly six 
more fixed points, all in l\l*. 
ProoJ: Assume that z fixes a point Q exterior to 1 v C. Then z fixes the 
two secants through Q. Thus T must fix the intersections of these secants 
with I* and, hence, fixes at least four of the seven points of I *. Clearly z 
fixes at least two secants through each of these points. At least one point R 
of C must lie on two of these eight or more fixed secants. Therefore t fixes 
R and the four lines which join R to fixed points of I*. It follows that z fixes 
the 13 points on these lines which lie in C* and, hence, fixes at least 14 
points of ZZ. This contradiction of Proposition 4.2 proves that z fixes no 
exterior points. 
Suppose that z is planar with fixed subplane R,. Every line of fl, con- 
tains four points of I u Z‘. Then n, has four points in I * and nine points in 
C. Each of these nine points lies on three non-fixed secants. Consequently 
there are 27 lines, each of which contains one point of Z7, n C and two of 
the six points of Z\n,. These lines must join 27 pairs of points among the 
six, yielding the contradiction that some point pair is multiply joined. We 
conclude that z cannot be planar. 
By Proposition 4.2, z must be a generalized elation. Clearly z fixes at 
least one point C of the seven points in I *. Since 5 fixes at least two secants 
through C, C is the center of z; and C is the only fixed point in 1% (lest z 
have two centers). Using Proposition 4.2 and the fact that the number of 
fixed points of z equals the number of fixed lines, one sees that the axis x of 
KIRKMAN SYSTEMS IN PROJECTIVE PLANES 205 
r contains at least seven fixed points (which lie in 1 u C). Thus x = 1. Since 
only one of the fixed points lies in 1 *, I does not have room enough for 13 
fixed points. The proof of Lemma 5.3 is complete. 
LEMMA 5.4. Under Assumption 3.1, the group H contains no subgroup K 
of order 21. 
ProoJ: Assume the contrary, and let z and o denote elements of K of 
orders 3 and 7, respectively. By Lemma 5.2, (T produces orbits of lengths 7, 
7, 1 on the points of C. Since z normalizes (a), r must fix three points of 
C, contradicting Lemma 5.3. 
LEMMA 5.5. Under Assumption 3.1, the group H contains no subgroup K 
of order 14. 
Prooj There are exactly seven Kirkman systems Z defined on 15 points 
(determined by Cole [6] in 1922). For a more recent listing, consult [14]. 
The full automorphism groups of two of these seven are the simple group 
X(3,2) which has no subgroup of order 14. The order five have full 
automorphism groups of orders 24, 24, 21, 12, and 12. 
LEMMA 5.6. Under Assumption 3.1, suppose that G contains a subgroup 
K of order 14 and that Kn H contains an element C-J of order 7. If 6 is an 
element of K of order 2, it requires at most an interchange of the names P, 
and P, (see Lemma 5.2) to assure that 6 is a homology with center P, and 
axis POP,. 
Proof: Let C and x denote the center and axis of 6. Since (a) is a nor- 
mal subgroup of K, 6 preserves the point set (P,,, P,, P2}. Suppose that 6 
interchanges the points P, and P,. Clearly C lies in POP, (and, thus, is not 
a point of Z*) while P, lies in x. Every line through P,, aside from Z, is 
tangent to C. Thus the unique point of C which is fixed by 6 is the point R 
of intersection of x with C. The orbit RK is contained in Z and consists of 
R and three orbits of 6 of size two. These three &orbits lie in three distinct 
secants which meet in C. This contradiction of Proposition 2.1(3) says that 
6 cannot interchange P, and P, ; similarly 6 cannot interchange P, and P2. 
We conclude that 6 fixes P,. 
If either x = I, or 6 interchanges P, and P,, then 6 fixes I * as a point set 
(since C is in Z\ {P,, P,>) as well as P,. In both cases, Lemma 3.2 implies 
that 6 is in H. This contradiction of Lemma 5.5 completes the proof of 
Lemma 5.6. 
LEMMA 5.7. Under Assumption 3.1, suppose that H contains an element CJ 
of order 7. Then a has point orbits (PO}, A,, A, and line orbits B, ... B, in 
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C. Each line of B, contains P, and one point of each of A, and A,. The lines 
of B, induce a projective plane of order 2 on A,. Each line of B, v B, v B, 
contains one point of A, and two points of A,. 
ProoJ: By Lemma 5.2, c fixes only one point of ,X and, thus, fixes no 
lines of C. To assure that P, is joined to all points of A, v A,, each line 
through P, must contain one point of each of A, and A,. Counting the 49 
joinings of points of A, to points of A, and the 21 joinings of pairs of 
points of A, yields the remaining intersection properties. 
LEMMA 5.8. Under Assumption 3.1, G does not contain a subgroup K of 
order 14 such that K n H contains an element of order 1. 
Proof: Assume the contrary, and let 6 and 0 be elements of K of orders 
2 and 7, respectively. We write C’, A:, Bi for the images under 6 of 2, Ai, 
Bj; and we write Ai’ and B,!’ for Ai u Ai and Bjv Bi, respectively. It follows 
from Lemma 5.6 that P, is the only common point of z and C’. No 
C-secant is also a .F-secant, for such a line would need to meet I in two 
points. Thus each B;’ is a G-orbit of size 14. It also follows that the line 
YY’ is tangent to each of C and ,X’ for every point Y in A; v A;‘. 
Suppose that a line of B, contains a point of A;. Then each point Y of 
A, is joined to the seven points of A; by one F-secant from B;, three 
tangents from B,, and the tangent YY’. Thus the second C’-secant through 
Y is disjoint from A;. Since this conclusion is impossible, no line of B, con- 
tains a point of A;. However, Proposition 2.1(2) implies that (C*) 6 is a 
blocking set of fl, so every line of B, must contain a point of A;. 
If Z is a point of A;, Z lies on two C-secants g and h. Since neither g nor 
h is in B, or B,, one may assume that g and h are in B, u B,. If g and h 
were in a common a-orbit, a flag count shows that g would contain at least 
two points of A’, and, thus, would be a C’-secant. This impossibility allows 
one to assume that g is in B, and h is in B,. Then the lines of Bi v B; join 
each point of A; to eight points of A;. The lines of Bi, B;‘, and Bi join 
each point of A; to one, three, and two points of A;, respectively. Thus 
every point of A; is joined to every point of A;’ by a line of one of the five 
B;‘. However, there is a G-orbit B of I4 lines incident with Pz. Each of the 
lines of B is tangent to each of 2 and C’ and, thus, joins a point of A; to a 
point of A;‘. This contradiction completes the proof of Lemma 5.8. 
LEMMA 5.9. Under Assumption 3.1, assume that G contains a subgroup K 
of order 21 such that Kn H has an element o of order 7. Let z be an element 
of K of order 3. Then 
(1) z permutes P,, PI, P, cyclically; 
(2) C* n (C*) z = A, (see Lemma 5.7); 
(3) z is planar (with fixed point set a subplane of order 3). 
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Proof: By Lemma 5.2, 0 is triangular with fixed points P,, P, , P,. If r 
fixed the Pi)s, it would also fix I and, hence, l* u (PO}. By Lemma 3.2, 
(Z*) z = Z*, a contradiction of Lemma 5.4, which completes the proof of 
conclusion ( 1). 
Assume that C* and (Z*) z =: C’ are disjoint. Let b denote the number 
of common secants to ,Z’* and C’. By Proposition 2.1(3) the number of 
flags (Y, z) with Y a point of Z’\(P,) z and z a C*-secant is 42. By 
Proposition 2.1, C’ is a blocking set, so each of the 35 X*-secants meets 
Z’\(P,) T in one or four points. Thus 42 = 35 + 3b, and b is not an integer. 
This contradiction yields the conclusion that Z* and Z’ have common 
points. 
The set of common points Z* and .Z’ must be one of the sets A,, A, or 
A, u A,. Assume it is A,. By Lemma 5.7 there are 21 lines of n that inter- 
sect A, in two points. These 21 C*-secants yield 42 flags with the points of 
(A,ul*)~, an average of 3 flags per point in contradiction to 
Proposition 2.1(3): Assume next that the set of points common to .Z* and 
C’ is A, u A,. Each of the 7 C*-secants through P, contains exactly two 
points of A, u A, and, thus, is a Z-secant which contains (PO) z. This con- 
tradiction (of the fact that points of I7 are uniquely joined) completes the 
proof of (2). 
The substructure Z70 induced on A, by I7 is a subplane of order 2. By 
(2), z fixes a non-incident point and line of Z7, and, hence, fixes at least two 
points of Z7. Conclusion (3) follows from Proposition 4.4. 
LEMMA 5.10. Under Assumption 3.1, G does not contain a subgroup K of 
order 21 such that Kn H contains an element of order 7. 
Proof Assume the contrary, and let z and 0 be elements of K of orders 
3 and 7, respectively. By Lemma 5.9(2), r maps A, or A, to A,. Since the 
substructures induced by I7 on A, and A, are not isomorphic (by 
Lemma 5.7), r and, hence, K fix A,. 
Lemmas 5.2 and 5.9( 1) tell us that K has no fixed points, so distinct 
Sylow 3-subgroups have disjoint sets of fixed points. It follows from Lem- 
mas 4.3 and 5.9(3) that there are 13 K-orbits of size 7, and hence 1 of size 3 
and 7 of size 21. 
Let B be a K-orbit consisting of 21 lines which intersect the point orbit 
(P,)! Let xi denote the number of point orbits A of K with IAl =j and 
IA n hi = i for h in B. We count the 210 intersections of pairs of lines of B 
and divide by 21 to obtain the equation 
10 = 3 + x;r + 3x:, + 6x;, +x; + 5x;. 
Clearly xi1 = 0 for i > 4 and .x4 = 0 for i > 2. Since each line of B is incident 
with exactly 16 points, 15 = Ci i(x;, + x:). Subtracting the preceding 
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equation from this one yields the inequality xi, + x:, 3 8. Since the number 
of point orbits of K of cardinality 21 is only 7, this inequality gives a 
contradiction which completes the proof of Lemma 5.10. 
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